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Computation of Nonlinear One-Dimensional Waves in
| Near-Sonic Flows

A. H. Nayfeh,* B. S. Shaker,t and J. E. Kaiser}
Virginia Polytechnic Institute and State University, Blacksburg, Va.

A nonlinear analysis is developed for sound propagation in a variable-area duct in which the mean flow ap-
proaches choking conditions. A quasi-one dimensional model is used; results of the standard linear theory are
compared with the nonlinear results to assess the significance of the nonlinear terms, The nonlinear analysis
represents the acoustic disturbance as a sum of interacting harmonics. Numerical results show that the basic
signal is unaffected by the presence of higher harmonics if the throat Mach number is not too large, but as the
Mach number approaches unity, more harmonics are needed to describe the acoustic propagation. The strong
interactions among harmonics in the numerical results occur in a region which is generally consistent with the
nonlinear inner-expansion region of Myers and Callegari, i.e., the interaction occurs when 6 /(1 — IM))=0(1),
where § is the amplitude of the acoustic disturbance. In addition, the results indicate that complete analysis of
strong nonlinear interactions will require modeling of acoustic shocks.

I. Introduction

THOUGH choked inlets have been recognized as an

effective means of reducing upstream noise
propagation, ! the physical mechanisms that are responsible
for the noise reduction are not well understood. In particular,
no analytical technique that is capable of providing a proper
model of sound propagation through partially choked inlets
or that is capable of explaining some differences among
several experimental results has been developed to date.

It has been well established that the linear acoustic theory is
not valid as the mean-flow Mach number approaches unity. 3¢
However, attempts to incorporate nonlinear effects into a
study of sound propagation through a near-sonic mean-flow
region are in the developmental stage. One such attempt*
treats the nonlinear terms as a source disturbance to the basic
linear propagation process. Such an approach cannot succeed,
since it does not remove the mathematical singularity from the
differential operator in the governing physical equations.
Another analysis® uses matched asymptotic expansions to
examine the region where 1-— IMI|=0(¢). Explicit con-
firmation of the singular behavior of the linear theory is
obtained, and from matching considerations the nonlinear
effects are inferred to be important when the strength of the
acoustic disturbance is the order of (1 — IM!)?, but no linear
results are reported.

This paper describes the status of an investigation into
nonlinear acoustic propagation through compressible mean
flows that appraoch sonic conditions. To gain insight into the
mechanisms that operate in the near-sonic region and to
determine the mathematical techniques required to analyze
these mechanisms, we have examined the behavior of
numerical solutions of the nonlinear, one-dimensional
equations of motion. The one-dimensional model contains all
the essential elements of the linear singularity and of the
nonlinear harmonic interactions without the purely com-
putational difficulties of the full two-dimensional problem.
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The acoustic disturbance is represented as a sum of a basic
frequency and a finite number of higher harmonics, and the
nonlinear interaction among the harmonics and their complex
conjugates are calculated.

The wave-envelope technique of an earlier study® of linear
acoustic propagation, in which the linear acoustic disturbance
is represented as a superposition of quasiparallel duct modes
whose fast axial variation is explicitly given, is not used
because of the singular behavior of the linear model in the

_region of interest. The singular behavior of the linear model

as the Mach number approaches unity is illustrated in Fig. 1.
The abrupt rise in amplitude of the acoustic disturbance is
indicative of a need to include nonlinear terms. However,
direct comparisons of nonlinear and linear results reported
herein show that, in many cases, the linear results remain
valid to Mach numbers higher than would be expected on the
basis of a cursory inspection of results such as those shown in
Fig. 1. Thus, a linear model that can handle the effects of
large axial gradients, such as the wave-envelope technique,
can be applied over most of the flowfield in a converging-
diverging duct, and the region to be bridged by the nonlinear
analysis is small in many cases.

The development of the equations that describe the in-
teractions among the harmonics and the numerical solution of
these equations is described in Sec. II, the results are com-
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pared with known exact solutions for uniform ducts in Sec.
111, and numerical results for variable-area ducts are given in
Sec. IV.

II. Problem Formulation and Method of Solution

We consider a one-dimensional, inviscid, nonlinear flow in
a hard-walled duct (Fig. 2). All flow quantities are expressed
in nondimensional form using the speed of sound c, evaluated
at some convenient point as a reference velocity, the radius R,
of the duct in the uniform region as the reference length, and
Ry/¢,, p.C2, pgs, and T, as the reference time, pressure,
density, and temperature, respectively. The one-dimensional
equations of motion are:

Mass

dp
5+——(pu/1)— M

where A is the cross-sectional area of the duct.

Momentum

du 6u] ap
- hiad . )
[6t +“ax +ax 0 @
Energy
oT aT ap
p[az+“ax] (r=1) at+ ax =0 ©)
State
yw=pT “

where v is the ratio of specific heats of the gas. The energy
and state equations, Eqs. (3) and (4), can be replaced with the
isentropic state equations pop?Y. However, the use of this
apparently simpler equation would lead to difficulties in
separating the effects of the several harmonics in the analysis
which follows; therefore, the basic forms of the energy and
state equations are used.

The flow variables are represented as the sum of a steady
mean-flow part plus the acoustic disturbances:

N
—_ —inwt Y inwt
u(x,t) =uy(x) +u,y+ E (u;, e +u,ne"' ) (5)

n=1
N
p(x,t)=po(x)+p,+ E (o€

n=1

inwt = inwt
Y +pL,e™) ()

N
Too) =Ty () + T+ 3y (T e ™ +T, em™) (7)
n=1

with the pressure being eliminated with Eq. (4). The mean-
flow terms, denoted by ( ),, are solutions of the steady form
of Eqgs. (1-4). With the area expressed as a function of axial
distance and the Mach number in the straight-duct section
given, all mean-flow values are easily obtained from the
standard one-dimensional gasdynamic equations:

'Y_I y+1
1+ —M?
A _M©O 3 ) | 26-n ®
A(0) M(x)
1+ X5 a2 0)
y—1
1+ — M?(0)
Ty (x) - 2 ©)
T,(0 -
o(0) 1+7—21M2(x)

etc.

NONLINEAR ONE-DIMENSIONAL WAVES IN NEAR-SONIC FLOWS 1155
X=0 X=L
=NV
Fig.2 Duct geometry. ] Mo
- My
= i — ¢

Reference conditions are chosen to be the mean-flow
quantities in the straight-duct section so that 7,(0) =p,(0)=1,
uy(0)=M(0), and p,(0)=1/v. The acoustic disturbance in
Eqgs. (5-7) is represented as a finite sum of harmonics, in-
cluding steady streaming terms u,,, etc., and the complex con-
jugates must be explicitly stated since nonlinear interactions
are considered.

No assumption about the axial variation of the acoustic
quantities is made. Although the wavelengths of upstream
propagating signals become small and thus a technique
similar to the wave-envelope procedure would be very ad-
vantageous, no a priori assumption about that variation can
be made. No assumptions about the relative sizes of the terms
in Egs. (5-7) are made, except that the steady streaming terms
are small compared with the mean-flow terms. If these terms
are not small, the mean flow cannot be uncoupled from the
acoustic disturbance; that is, the mean flow is not given by
Eqgs. (8) and (9) but must be solved simultaneously with the
acoustic disturbance without separation of the mean flow and
the steady streaming.

Substituting the expansion of the flow variables, Eqs. (5-7),
into the governing equations, (1-4), subtracting the equations
governing the mean flow, and equating the coefficients of
equal power of exp(inwt) for n=1,2... to zero, one obtains a
set of coupled, nonlinear ordinary differential equations of
the form

d
A(x) d—f{ =B(x,y) (10)

where y is a column vector of the unknowns. The coefficient
matrix A (x,y) and the inhomogeneous vector B(x,y) are
given in the Appendix.

We choose to solve Eq. (10) in the real form. To accomplish
this we rewrite Eq. (10) as

.dy,- _ .
+,dx)_<3,+13,.> an

, dy,
(A, +iA;) ( o

Separation of the real and imaginary parts leads to

dy dy,

A, =L 4, —=L=B, 12
o dx (12)
dy, dy;

A, +A4,— =B, 13
i dx P i (13)

Since the steady streaming is always real, its imaginary part in
Eqgs. (12) and (13) is discarded. This manipulation reduces Eq.
(10) to

*

dy
L} A»l A *
(x,y%) .

=B*(xy") (14)

where 4* is a 32N+ 1) X 32N+ 1) real matrix and y* and B*
are 3(2N + 1) column vectors.

Numerical Solution

Equation (14) can be solved by a forward-integration
technique if one inverts the matrix 4* at each axial step. For
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this study, we have employed a fourth-order Runge-Kutta
routine. Since the dimension of the matrix A4* increases
proportionally to the number of harmonics included, the
computation time increases rapidly with the number of
harmonics. Numerical results have shown that few harmonics
are needed to obtain accurate results for the fundamental
frequency.

One disadvantage of this direct approach can be identified
immediately. The terms of the coefficient matrix 4* are often
small, especially those derived from the energy and mass
equations; thus, as the number of harmonics increases the
determinant of the matrix becomes smaller. A reformulation
of the problem in terms of an integrability constraint, similar
to the approach used in the wave-envelope study,® which
would avoid this difficulty, is now under consideration.

The initial conditions at the duct entrance are specified in
terms of a reflection coefficient. Conditions in the straight-
duct section are assumed to be such that linear theory is
adequate. Thus the acoustic signal at the duct entrance is
resolved into left- and right-running waves. The magnitude of
the input signal (right-running wave) and the value of the
reflection coefficient (which determines the left-running
wave) are specified as input at x=0, and the program in-
tegrates through the duct to determine the corresponding
conditions at x=L. Determination of the transmission and
reflection characteristics of the duct section then would
require an iteration on the assumed value of the reflection
coefficient until the desired zero input conditions at x=L are
achieved. Such an iteration on the input conditions is essential
in the nonlinear case; furthermore, these transmission and
reflection characteristics will be a function of the strength of
the input signal. A central-difference procedure to solve Eq.
(14) would allow a direct imposition of the appropriate end
conditions, but would require an iteration on the nonlinear
terms of Eq. (14). The central-difference method has not been
programmed for this study, but a detailed evaluation of the
efficiencies of the two numerical procedures should be made
at a future date.

III. Comparison with Exact Solutions

The propagation of a finite-amplitude acoustic wave in a
uniform, lossless medium can be described by the implicit,
exact solution of Earnshaw.’ This solution is valid in a
straight, rigid duct provided one neglects the small at-
‘tenuation and dispersion produced by the walls. For a
sinusoidal source disturbance, Fubini® has expanded the
Earnshaw solution into an explicit representation of the
development of each harmonic part of the acoustic signal; this
solution remains valid up to the point of shock formation.
Blackstock® has extended the Fubini solution into the region
where a shock develops and the signal decays to the standard
N-wave pattern. Each of these results was derived for a wave
propagating in a medium at rest, but they are easily applied to
propagation through a uniform mean flow by analyzing the
problem for the moving medium by employing either a
coordinate transformation!® or the method of renormal-
ization, the method of multiple scales, etc.!!:12

The Fubini solution expresses the acoustic disturbance that
results from a sinusoidal source disturbance of frequency w
and strength 6 in the form

u, (x,0) =8 Y, B,sinn(wt—kx) (15)
n=1
B, = (20/nx)J, (nx/f) (16)

where J,, is the Bessel function of the first kind of order » and
¢ is the distance to shock formation, which, including the
effect of the mean flow, is

o 20U +M)?

dw(y+1) {17
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Fig. 3 Development of harmonic amplitudes in a straight duct w=1,
p;=0.013.

Note that the harmonic amplitudes are independent of the
mean-flow Mach number if considered to be functions of x/¢.
These results are valid only up to the point of shock for-
mation. The development of the harmonic amplitudes, in-
cluding the effect of a discontinuous shock, is given by the
Blackstock solution®

2 . 2 (T x .
B,= —sin®; + — S cosn(®— —sin®)d®  (18)
nwx J¢ 4

n
nw ‘min

where
® o =/Dsin®,

& is the phase angle of the initial sinusoidal disturbance, and
.. locates the portion of the wave that has been absorbed
into the shock. If x/f<1, then ®_;, =0 and evaluation of the
infegral in Eq. (18) leads to the Fubini solution, Eq. (16). This
exact result has been calculated and compared with num-
erical results from the method described in Sec. 1I applied
to a straight duct. For comparison of the results, the
numerical procedure imposes a zero value of the reflection
coefficient at x =0 and imposes an initial amplitude of zero on
all harmonics except u;,. Furthermore, the following
relations between the exact solution and the numerical
procedure are used:

§=2lu,;, (0)]
B,=lu; 1/1u;(0)1

The comparison of the results is shown in Fig. 3. The
numerical results were calculated with four harmonics for
several values of the mean-flow Mach number. Up to shock
formation the results agree very well for all values of the
Mach number; at distances beyond shock formation the
numerical results do not agree exactly with the analytic
results, but at least for the fundamental signal the results
show the proper trend and are not grossly in error. Since the
numerical calculations are based on an inviscid model, the
agreement is better than one would anticipate and probably is
aided by an artificial viscosity induced by the numerical
procedure. The main conclusions to be noted from these
results are that the occurrence of shocks in the acoustic
disturbance creates no catastrophic problems for the
numerical procedure and the nonlinear effects as IM|—1
contain no transonic effects beyond the cumulative distortion
of the signal that is present in the Fubini and Blackstock
solutions. Highly accurate results from the numerical
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Fig. 4 Comparison of linear and nonlinear results for the fun-
damental frequency for increasing strengths of the acoustic input,
w=1,M,= ~0.40, M, = — (.86, reflection coefficient=0, N=2.
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Fig. 5 Comparison of linear and nonlinear results for the fun-
damental frequency for increasing strengths of the acoustic input,

w=1, My= +0.40, M, = +0.86, refiection coefficient = —0.34 —
0.93i, N=2.

procedure in the shock development region, especially for the
higher harmonics, will require the inclusion of viscous effects.

IV. Variable-Area Results

The numerical procedure has been applied to examine
acoustic propagation through a simple converging-diverging
duct section. The radius of the duct wall in the variable-area
section is given by

R=1—-a,[l—cos(2nx/L)]

and the duct connects to straight sections at x=0 and x=L
(see Fig. 2).

The program has been used to obtain solutions to both the
nonlinear and linear forms of the basic equations in order to
assess the basic importance of the nonlinear terms under
various flow conditions. Two types of initial conditions at
x=0 are considered: the simplest is an arbitrary specification
of a zero value of the reflection coefficient; the other case
specifies the value of the reflection coefficient to be the value
determined by linear theory. Since the results and general
conclusions were the same for these cases, iteration on the
nonlinear equations to find the exact value of the reflection
coefficient was not considered necessary at this stage.

Figure 4 illustrates the effect of increasing the strength of
the input signal (o, is the density disturbance at x=0) for a
case in which the mean-flow Mach number varies from —0.40
at x=0 to —0.86 at the throat, and only the right-running
wave is present at x=0. Figure 5 has the same effect except
that the mean flow is from left to right (M >0) and an up-
stream wave at x=0 occurs only as a consequence of
reflection of a downstream input signal. Both cases show
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Fig. 6 Comparison of linear and nonlinear results for the fun-
damental frequency for increasing values of the mean flow Mach
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Fig. 7 Development of harmonic amplitudes and steady-streaming
amplitude, w=1, M,=~-0.4, M, = —0.86, p; =0.004, reflection
coefficient=0, N=4,

essentially the same trends, with the effects being more
pronounced for the case in which the upstream wave is
dominant. For small values of the input signal, the nonlinear
and linear results coincide as expected. As p, is increased, the
effect of the nonlinearity is to increase the intensity of the
disturbance near the throat region. The increased intensity
results in a transfer of energy to the higher harmonics; thus,
the fundamental signal has a lower amplitude at the exit due
to the nonlinearity. Figure 6 shows the effects of increasing
the mean-flow Mach number with the strength of the input
signal fixed. At the lower values of the throat Mach number,
the nonlinear results do not differ from the linear results. As
the throat Mach number increases, the same trends occur as
noted earlier—an intensification of the disturbance in the
throat rcgion occurs along with a corresponding decrease at
the exit. The results in Figs. 4-6 were obtained by calculating
only two harmonics (plus the steady streaming term);
however, an increase to four harmonics yields the same results
for the fundamental signal. One can also note that the linear
results in these cases break down only very close to the throat
region.

The behavior of the higher harmonics is illustrated in Fig.
7. The higher harmonics reach peaks near the throat and
decrease to nonzero values at the exit. Thus a net shift from
the fundamental signal to the higher harmonics occurs. The
steady streaming is important in the throat region but
decreases to insignificant values at the exit. Although the
steady streaming is significant relative to the acoustic
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disturbance, we note that the maximum values of the steady
streaming terms in all the calculations presented in this paper
are less than 1% of the mean-flow terms. Thus, uncoupling
the mean flow from the steady streaming and acoustic
disturbances, as in Eq. (5), is justifiable.

The development of significant nonlinear effects in the
cases depicted in Figs. 4-7 is consistent with the criterion
proposed by Myers and Callegari® that §” =0(1 — IM1). In
the numerical results, nonlinear effects become important
when 87/ (1 — IM]) is approximately 0.8, if one uses the local
values at the throat to evaluate the expression. However, it
should be noted that the parameter (1+M)?/8 is propor-
tional to the distance to shock formation of a sinusoidal
signal; i.e., from Eq. (17)

o 2 UtM)?
T y+l bw

Thus, in those cases in which nonlinear effects become large,
it appears that an inviscid model is not adequate and the
influence of viscosity will be important.

The cases illustrated in Figs. 4-7 are for weak or moderate
nonlinear effects. If the strength of the input signal and/or
the throat Mach number is increased, the numerical procedure
eventually produces either a strong oscillation or abrupt
jumps in the acoustic signal near the duct throat. The origin
of these instabilities has been investigated in some detail.
Refinement of the numerical step size produces no qualitative
change in the instabilities. Moreover, an increase in the
number of harmonics does not cure the problem. In fact,
cases have been calculated in which a doubling of the number
of harmonics causes a discontinuity or instabililty to develop.
Calculation of the acoustic waveform from the harmonic
amplitudes has indicated that acoustic shocks are developing
in these cases of strong nonlinear interaction; however, the
results of the straight duct indicate that the presence of these
shocks should not cause such instabilities. In addition, the
steady-streaming terms are increasing to significant

proportions | relative to the mean flow. Preliminary -

calculations in which the mean flow and acoustic disturbance
are coupled have been made; this procedure does not remove
the instabilities, but the results demonstrate that the acoustic
disturbance does have a significant influence on the mean
flow in these cases of strong nonlinear interaction. These
preliminary calculations indicate that the acoustic disturbance
increases rather than decreases the mean flow; that is, there is
an energy transfer from the acoustic disturbance to the mean
flow and not vice versa. Viscous terms were added to the
acoustic equations in the form of sink terms as well as in a
finite-difference form. Neither of these approaches solved the
problem.

Checking the determinant of the coefficient matrix A, we
found that in every instability case the determinant ap-
proaches zero at an axial position which depends on the Mach
number, the strength and frequency of the input signal, and
the number of harmonics. If the mesh size is sufficiently
coarse, the calculations may proceed through the duct without
developing an apparent instability. However, refining the step
size would show the instability. We note that the results in

E (0)=py+pip, E;2(0)=ug+u,y,

Eu(”)=P1n» Elz(”)=”l,,»

E,; (0) =pgug+potisg+ugp o +F; (0),

Ey (n) =pou;, +upp;, +F;(n),

Ep(0y=—", Ej(0)=
Y

T
Ey(n)y=-1,
Y
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Figs. 4-7 were checked by decreasing the step size and no
instabililties were observed. Based on the preceding
discussion, we conclude that, in the cases where the deter-
minant approaches zero, the right-hand side of Eq. (14) must
be orthogonal to every solution of its adjoint homogeneous
problem in order to remove the singularity and hence the
instability. This condition will determine the proper values of
the reflection coefficients at the initial location. Hence, an
iterative scheme needs to be introduced to enable the
satisfaction of this orthogonality condition. Thus, the physics
of the flow near the throat dictates the amount of reflection
and this may be the mechanism which reduces the noise in
partially choked inlets. Moreover, the amount of reduction
depends on the values of the reflection coefficients which in
turn depends on the mean flow Mach number and the strength
and frequency content of the noise.

V. Conclusions and Recommendations

A numerical procedure for analysis of nonlinear acoustic
propagation through high subsonic mean flows has been
developed. The numerical results show that the nonlinearity
intensifies the acoustic disturbance in the throat region,
leading to a shift of energy to the higher harmonics and a
reduction of the intensity of the fundamental frequency at the
duct exit. The numerical procedure calculates cases of
moderate nonlinear interaction satisfactorily but develops an
instability for cases of strong interaction. For high-input
signals and/or throat Mach numbers, the steady-streaming
terms may not be negligible relative to the mean flow; thus the
mean flow needs to be coupled with the acoustic disturbance.
In addition, the numerical resuilts show that acoustic shocks
are developing as a result of the strong nonlinear interactions.
Thus, a complete analysis of this problem has to include
coupling of the mean flow with the acoustic disturbance and
perhaps viscous effects near the shocks. Most important, an
iterative scheme should be introduced to satisfy an ortho-
gonality condition and hence determine the values of the
reflection coefficients.

Appendix
If y is the column vector of the unknowns
UppseeeslppsPins-sPins Tinse-- Ty the coefficient of Eq. (10)
take the following forms:

Axy)= |ay Q)2 Q)3

Q3 Q3 Q33

where o;; are (2N + 1) X (2N x 1) submatricies defined as:

E,, (1) E,(0) E,, ()
aﬂlﬂ =
E..(2) E, ) E,,(0)
where
E;;(0)=0 )
E13 (n) =0
Ty+ Ty Po+op

Pin
E,; (n)y ="
¥
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E; (0)=0, E5(0)={—v)[Toug+Tottso+uyT1o+F,(0)] Ej;5(0)=E; (0)

E; (n)y=0, E;(n)=(1-vy) (Tou,n +u0T;"+F_,(n)), E;;(n)=E; (n)

N N-1 N=2
Fi(0)= E by, where (), =C)pn Fr(l)= Py, Fi(2)=pyu;+ E pry ,
J=-N Jj=-N j=—N

etc.
F,(n) has the same form as F,(n) but with p being

replaced by T.
B (n)
B= | B,(n) n=-—N,...,0,...,.N
B; (n)

where

Bl (n) = —[i’lwpln +CIu[" +plnC2 +F1 (n)AS]

F,(n) has the same form as F;(n) but with p, T being
replaced by 7, p, respectively.

F; (n) has the same form as F; (n) with T being replaced by
u.
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